Abstract. It is a common practice to find upper bound for clique number via legal coloring of the nodes of the graph. We will point out that with a little extra work we may lower this bound. Applying this procedure to a suitably constructed auxiliary graph one may further improve the clique size estimate of the original graph.
Introduction
A graph is called a finite simple graph if it has finitely many nodes and edges and in addition it does not have any loop or double edge. Let G = (V, E) be a finite simple graph. A subgraph ∆ of G is called a clique if each two distinct nodes of ∆ are adjacent. If the clique ∆ has k nodes we call it a k-clique of G. For each finite simple graph G there is a well defined integer k such that G contains a k-clique but G does not contain any (k + 1)-clique. This k is called the clique number of G and it is denoted by ω(G). Each k-clique in G is called a maximum clique of G. (For more background information and applications of the clique problem the reader should consult with [2] , [4] , [6] , [12] . ) We color the nodes of G such that each node has exactly one color and adjacent nodes cannot receive the same color. This type of coloring of the nodes of G is called legal coloring. For each finite simple graph G there is a S. Szabó well defined integer k such that the nodes of G can be legally colored using k colors but the nodes of G cannot be legally colored using k − 1 colors. This k is called the chromatic number of G and it is denoted by χ(G).
It is well-known that the problems of determining ω(G) or χ(G) belong to the NP hard complexity class. (See [5] .)
Many clique solver algorithms used in practice employ clique size upper estimates to curtail the size of the search space. (See [1] , [7] , [8] , [11] , [13] , [15] , [16] .) Since ω(G) ≤ χ(G) holds it is a common practice to use a greedy coloring procedure to locate a legal coloring of the nodes of G and use the number of colors as an upper estimate for ω(G). We will point out that with a little more extra work one can reduce this upper bound.
Using the given graph G we construct an auxiliary graph Γ such that an upper estimate for ω(Γ ) yields an upper estimate for ω(G). The new estimate is typically better but it comes for a computationally higher price. We will present two particular instances of such auxiliary graphs.
The basic procedure
In this section first we describe a procedure to estimate the clique size of a finite simple graph G = (V, E). For the sake of easier reference we will call the proposed procedure as the method of profiles. As a starting point we legally color the nodes of G. We may use any coloring algorithm. (See [9] , [3] .) We do not assume that the number of colors we use is optimal. Let C 1 , . . . , C γ be the color classes of the nodes. Set U = C 1 ∪ · · · ∪ C p and W = C p+1 ∪ · · · ∪ C γ ,
where p = γ/2 . Let H and K be the subgraphs of G induced by the sets U and W, respectively. To a node u ∈ U we assign a quantity cdeg(u) called the clique degree of u. We form the subgraph L u induced in G by the subset N(u) ∩ W of the nodes of G. Here N(u) is the set of neighbors of u in G. We would prefer to set cdeg(u) to be ω(L u ). But computing ω(L u ) maybe overly time consuming. So we settle for an upper estimate of ω(L u ). We may use our favorite procedure to find an upper estimate for ω(L u ).
Analogously, to a node w ∈ W we assign a clique degree cdeg(w). We consider the subgraph L w induced by the set N(w) ∩ U and cdeg(w) is an upper estimate of ω(L w ).
For the remaining part of the description of the algorithm we assume that the clique degrees of the nodes of G are at our disposal. We define a profile for the graph H which is a sequence of numbers α 1 , . . . , α p . We set
Then we arrange the numbers α 1 , . . . , α p into a non-increasing order to get the profile α 1 , . . . , α p of H. In a similar fashion we construct a profile β 1 , . . . , β q for the graph K, where q = γ − p. We set
Finally we list the numbers β p+1 , . . . , β γ in a non-increasing order to get the profile β 1 , . . . , β q of K.
After this phase of the algorithm the profiles of the graphs H and K are available. We call an ordered pair
qualifying if each of the following inequalities
holds. We do not exclude the r = 0 possibility. In the r = 0 case the inequalities (4) clearly hold and the condition (3) vacuously satisfied. Similarly, the s = 0 possibility is not excluded. When s = 0, the inequalities (4) obviously hold and the requirement (4) vacuously satisfied. We inspect the (p + 1)(q + 1) ordered pairs (r, s) in (2) in the order
to find the quantity
We claim that ω(G) ≤ t. We state and prove this result more formally.
Lemma 1 Let G = (V, E) be a finite simple graph having at least one node. The quantity defined in (5) is an upper bound of the clique number of G.
Proof. Set k = ω(G). Clearly G must contain a k-clique ∆. Let U be the set of nodes of ∆ that are in U and let W be the set of nodes of ∆ that are in W. Here U and W are the subsets of V defined in (1) . Obviously, U ∩ W = ∅ and |U | + |W | = k. We distinguish four cases.
Since G has at least one node it must have a 1-clique. Thus k ≥ 1 holds and so case 1 is not possible. If U = ∅, then ∆ is a clique in the subgraph K of G induced by W. The nodes of K are legally colored with q colors and so k ≤ q. Note that p = 0 and the ordered pair (0, q) is a qualifying pair. It follows that q ≤ t. Thus k ≤ q as required. This settles case 2. Case 3 can be sorted out in a similar way.
In case 4 the set of nodes of ∆ is equal to U ∪ W . This means that the unordered pair {u, w} is an edge of G for each u ∈ U , w ∈ W . Let r = |U | and s = |W |. The subgraph L u of G induced by N(u) ∩ W must contain an s-clique. There are r choices for the node u ∈ U . These choices show that the inequalities (3) hold. Similarly, the subgraph L w of G induced by N(w) ∩ U must contain an r-clique. There are s choices for the node w ∈ W . These choices show that the inequalities (4) hold. Therefore the ordered pair (r, s) is a qualifying pair. The inequality k ≤ r + s holds for each qualifying pair (r, s). Thus k ≤ t, as required.
A small size example
In this section we work out a small example in details to illustrate the method of profiles.
Example 2 Let us consider the finite simple graph G = (V, E) given by its adjacency matrix in Table 1 . A geometric representation of G is depicted in Figure 1 . The graph has 16 vertices and 39 edges.
Using the simplest greedy sequential coloring procedure we colored the nodes of G legally. The procedure is presented in Table 2 . The first column contains the nodes of the graph G. The last column holds the colors of the nodes. A column between the first and the last represents a partial coloring of the nodes of G. The "←" symbol points to the pivot node. The node to which we are assigning color at this phase. The "]" symbol after a color indicates that the pivot node is adjacent to this node and the marked color cannot be assigned to the pivot node. The color classes of the nodes are the following
The coloring of the nodes gives that ω(G) ≤ 4. We try to reduce this upper estimate. We set
We computed the clique degrees of the nodes and the profiles of the graphs H, K. The results are summarized in the first three arrays of Table 3 . An inspection of the qualifying pairs (r, s) reveals that ω(G) ≤ 3. The inspection to decide if a given ordered pair (r, s) is qualifying or not is summarized in the last array of Table 3 . We assume that there is a complete bipartite graph with independent sets A and B whose cardinalities are r and s respectively and the graph of course has rs edges. Each of the r nodes of A needs to have a clique degree at least r and each of the s nodes of B needs to have clique degree at least r. These requirements are listed in a row labeled by the word "needed". The available clique degrees are listed in a row labeled by the word "found". Comparing these rows we can spot if the pair (r, s) is not qualifying. We used a "+" sign to indicate when the needed and the found clique degrees do not meet with the requirement. We would like to emphasize that the method of profiles can produce an upper estimate for ω(G) which is below χ(G). (Such an estimate is termed as infra chromatic in the literature.) In order to exhibit such an example we note that χ(G) = 4. Let us suppose on the contrary that χ(G) = 3. Let us order the nodes of G as listed in the first column in the second array in Table 2 . The nodes 1, 3, 4 are the nodes of a 3-clique in G. We may color these nodes by colors 1, 2, 3. After these choices the greedy coloring procedure will color the nodes up to node 10 uniquely. For node 13 we must use an additional color. The indirect assumption χ(G) = 3 leads to a contradiction.
The first auxiliary graph
Let G = (V, E) be a finite simple graph. Using G we construct a new graph Γ 1 = (W, F). We call Γ 1 the first auxiliary graph associated with G. The nodes of Γ 1 are the ordered pairs (v, a), v ∈ V, 1 ≤ a ≤ 2. If the unordered pair {v 1 , v 2 } is an edge of G, then the four pair-wise distinct distinct nodes (v 1 , 1), (v 1 , 2), (v 2 , 1), (v 2 , 2) of Γ 1 are the nodes of a 4-clique in Γ 1 . In other words if {v 1 , v 2 } ∈ E, then {w 1 , w 2 } ∈ F for each distinct w 1 , w 2 
We illustrate the construction of the auxiliary graph in connection with a very small size toy example.
1 1 1 1 1 1 1 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 Example 3 Let us consider the finite simple graph G = (V, E) given by its adjacency matrix in Table 4 . A geometric representation of G is depicted in Figure 2 . The graph has 6 vertices and 8 edges.
A geometric representation of the auxiliary graph Γ 1 can be seen in Figure  3 . The adjacency matrix of Γ 1 is given in Table 5 . In fact two versions of the adjacency matrix are given. The nodes of Γ 1 are listed in different ways.
The clique numbers of the graphs G and Γ 1 are related. This is the content of the next lemma.
Lemma 4 Let G be a finite simple graph and let Γ 1 be the associated auxiliary graph. Then 2ω(G) ≤ ω(Γ 1 ).
Note that two distinct nodes (u 1 , a 1 ), (u 2 , a 2 ) in T are always adjacent nodes in Γ 1 .
Lemma 4 tells us that if t is an upper bound for ω(Γ 1 ), then t/2 is an upper bound for ω(G). Table 3 : The nodes with clique degrees and the profiles of H and K in Example 2.
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(1, 2) The chromatic numbers of the graphs G and Γ 1 are not independent of each other. This is the content of the next lemma.
Lemma 5 Let G be a finite simple graph and let Γ 1 be the associated auxiliary graph. Then χ(Γ 1 ) ≤ 2χ(G).
Proof. Set k = χ(G). The nodes of G have a legal coloring using k colors. The coloring of the nodes of G can be given by a function f : V → {1, 2, . . . , k}, where f(v) is the color of node v of G. Let
Clearly D has 2k elements. Using f we construct a function g : W → D by setting g((v, a)) = (f(v), a) for each v ∈ V, a ∈ {1, 2}. We would like to verify that g defines a legal coloring of the nodes of Γ 1 .
Let w 1 = (v 1 , a 1 ) and w 2 = (v 2 , a 2 ) be two distinct nodes of Γ 1 . Assume on the contrary that w 1 , w 2 are adjacent nodes in Γ 1 and g(w 1 ) = g(w 2 ). Note that g(w 1 ) = g(w 2 ) implies f(v 1 ) = f(v 2 ) and a 1 = a 2 . As a 1 = a 2 it follows that v 1 and v 2 are adjacent nodes in G. In this situation f(v 1 ) = f(v 2 ) cannot hold. This contradiction shows that g defines a legal coloring of the nodes of Γ 1 . Thus χ(Γ 1 ) ≤ 2k, as required.
Combining the results of Lemmas 4 and 5 gives that
and so
Thus [χ(Γ 1 )]/2 gives a better estimate for the clique number of G than χ(G) does. When G is a cycle of odd length, then χ(G) = 3 and χ(Γ 1 ) = 5. There are infinitely many cases with χ(Γ 1 )/2 < χ(G). In a typical application we do not compute chromatic numbers instead using a greedy coloring procedure we locate legal colorings for the nodes of G and Γ 1 . The number of colors we find in this way are only upper estimates of the corresponding chromatic numbers. Lemma 5 says nothing about the relation of these upper bounds. On the other hand from the proof of Lemma 5 we can read off that if the nodes of G can be legally colored using k colors, then this coloring can be extended to a legal coloring of the nodes of Γ 1 using 2k colors.
When we use a computationally not demanding greedy coloring algorithm we may locate a legal coloring of the nodes of G and Γ 1 . Then using the number of colors we establish two upper bounds for ω(G) and we can use the better one.
S. Szabó
• • × Table 6 : The adjacency matrix of the auxiliary graph Γ 2 in Example 6.
The second auxiliary graph
Let G = (V, E) be a finite simple graph. Using G we construct a new graph Γ 2 = (W, F). We call this new graph the second auxiliary graph associated with G. The nodes of Γ 2 are the edges of G. Let w 1 = {u 1 , v 1 }, w 2 = {u 2 , v 2 } be two distinct nodes of Γ 2 . Set U = {u 1 , v 1 , u 2 , v 2 }. Note that as w 1 and w 2 are distinct edges in G, the cardinality of U is either 3 or 4. If the subgraph induced by the set U in G is a clique in G, then we connect the nodes w 1 and w 2 by an edge in Γ 2 . We work out the details of the construction of the auxiliary graph in connection with a small size graph.
Example 6 Let us consider the finite simple graph G = (V, E) given in Example 3.
A geometric representation of the auxiliary graph Γ 2 is depicted in Figure 4 and Table 6 contains the adjacency matrix of Γ 2 .
The clique numbers of the graphs G and Γ 2 are related. This is the content of the next lemma.
Lemma 7 Let G be a finite simple graph and let Γ 2 be the associated auxiliary graph.
Proof. Set k = ω(G). The graph G contains a k-clique ∆. Let U be the set of nodes of ∆. Let T = {{u, v} : u, v ∈ U, u = v}. Clearly |T | = |U|(|U| − 1)/2 = k(k − 1)/2. Note that any two distinct nodes {u 1 , v 1 }, {u 2 , v 2 } in T are always adjacent in Γ 2 . Using the method of profiles described in Section 2 we may establish that t is an upper bound of ω(Γ 2 ). By Lemma 7, [ω(G)][ω(G) − 1] ≤ 2t. Therefore if t is the largest integer for which t (t − 1) ≤ 2t, then t is an upper bound for ω(G).
The chromatic numbers of the graphs G and Γ 2 are not independent of each other. This is the content of the next lemma.
Lemma 8 Let G be a finite simple graph and let Γ 2 be the associated auxiliary graph.
Proof. Set k = χ(G). The nodes of G can be colored legally using k colors. The coloring can be given by a function f : V → {1, 2, . . . , k}, where f(v) is the color of the node v of G. Set
Obviously the cardinality of D is equal to k(k − 1)/2. Using f we construct a function g :
We would like to show that g defines a legal coloring of the nodes of Γ 2 . Let w 1 = {u 1 , v 1 }, w 2 = {u 2 , v 2 } be two distinct adjacent nodes of Γ 2 . Let U = {u 1 , v 1 , u 2 , v 2 }. Assume on the contrary that g(w 1 ) = g(w 2 ).
Let us consider the case when the cardinality of the set U is four. In this case the nodes u 1 , v 1 , u 2 , v 2 are pairwise distinct and they are nodes of a 4-clique in G. As {u 1 , v 1 } is an edge of G and f is a legal coloring of the nodes of G it follows that f(u 1 
The unordered pairs
are edges of G. This violates the fact that f is a legal coloring. Let us turn to the case when U has three elements. In this case we may assume that u 1 = u 2 and v 1 = v 2 since this is only a matter of renaming the nodes. In this situation {v 1 , v 2 } is an edge of G. The g(w 1 ) = g(w 2 ) assumption reduces to {f(v 1 )} = {f(v 2 )} and we get the contradiction that the end nodes of the edge {v 1 , v 2 } are not legally colored.
Let t be the largest integer for which t(t − 1) ≤ 2χ(Γ 2 ). Combining the results of Lemmas 7 and 8 we get
and so ω(G) ≤ t ≤ χ(G). This means that using χ(Γ 2 ) one gets a better estimate for ω(G) than using χ(G).
J. Mycielski [10] proved the following result. For each positive integer n there is a graph M n such that ω(M n ) = 2 and χ(M n ) = n. Let G be M n . In this case the auxiliary graph Γ 2 consists of isolated nodes. Thus χ(Γ 2 ) = 1. Now χ(Γ 2 ) and the inequality
In other words using χ(Γ 2 ) we get the upper bound 2 for ω(G) while using χ(G) we get n as an upper bound for ω(G).
Numerical experiments
In order to test the practical utility and feasibility of the method of profiles we have carried out numerical experiments. In this section we describe the results of these experiments.
The graphs we used are belonging to three families. However all test graphs are coming from coding theory. Monotonic matrices are related to certain one [14] .) A deletion error occurs when a fixed length code word is loosing one letter during transmission. The deletion error correcting codes are connected to this phenomenon. Binary codes with fixed length code words with a specified number of zeros are the Johnson codes. The graphs associated with these codes are commonly used for testing clique search algorithm. (See for instance [6] .)
The method of profiles is flexible in the sense that we are free to choose any node coloring algorithm to construct a legal coloring of the nodes of the original graph or the auxiliary graphs. In the numerical experiments we carried out only two greedy coloring algorithms were employed. One of them is the most commonly used simple greedy sequential coloring. The other one is the dsatur coloring algorithm described in [3] .
In Table 7 the first column contains the parameter n of the graph. This parameter is related to the size of the alphabet over which the code is defined. The columns labeled by |V| and |E| hold the numbers of the nodes and the edges of the graph, respectively. The column headed by ω 1 holds the clique size estimate we get coloring the nodes of the original graph using the simple greedy coloring algorithm. Here the number of the colors is the upper estimate of the clique size. The column headed by ω 1 holds the clique size estimate we get coloring the nodes of the original graph using the simple greedy coloring algorithm. This time the estimate of the clique size is the result of the method of profiles.
The column labeled by ω 2 refers to the clique size estimate we get coloring the nodes of the first auxiliary graph using the simple greedy coloring algorithm. Here half of the number of the colors is the upper estimate of the clique size. The column labeled by ω 2 refers to the clique size estimate we get coloring the nodes of the first auxiliary graph using the simple greedy coloring algorithm. This time the estimate of the clique size is the result of the method of profiles.
The column labeled by ω 4 gives the clique size estimate we get coloring the nodes of the first auxiliary graph of the first auxiliary using the simple greedy coloring algorithm. Here quarter of the number of the colors is the upper estimate of the clique size. The column labeled by ω 4 gives the clique size estimate we get coloring the nodes of the first auxiliary graph of the first auxiliary graph using the simple greedy coloring algorithm. This time the estimate of the clique size is the result of the method of profiles.
Note that the number of the nodes of the first auxiliary graph is the double of the number of the nodes of the original graph. We adopt the terminology that the original graph is a 1-fold version of itself, the first auxiliary graph is a 2-fold version of the original graph, and the first auxiliary graph of the first auxiliary graph is a 4-fold version of the original graph. Using this terminology we may say that the column labeled by ω b contains the clique size estimate based on the b-fold version of the original graph not using the proposed procedure. Further the column labeled by ω b contain the clique size estimate based on the b-fold version of the original graph using the method of profiles. Tables 8 and 9 exhibit analogous information as Table 7 . In these tables the graphs associated with monotonic matrices are replaced by graphs associated with deletion error correcting and Johnson codes, respectively. Tables 10, 11 , 12 summarize similar results that are in Tables 7, 8 , 9. The only difference is that at these occasions the simple greedy coloring algorithm is replaced by the dsatur coloring algorithm.
The first three columns in Table 13 are labeled by n, |V|, |E| record the parameter, the number of the nodes, the number of the edges of the graph associated with a monotonic matrix. The columns labeled by χ and ω contain the number of colors produced by simple greedy coloring procedure applied to the second auxiliary graph and the clique size estimate derived from this number of colors, respectively. The last two columns labeled by χ and ω show the reduced number of colors the method of profiles gives and the derived clique size estimate, respectively. Tables 14 and 15 present similar results as Table 13 the only thing which has changed is that the graph associated with monotonic matrices are replaced by graphs associated with deletion error correcting and Johnson codes.
Finally Tables 16, 17, 18 exhibit similar results as Tables 13, 14 , 15 but this time the simple greedy coloring procedure is replaced by the dsatur coloring algorithm.
